We study the thermodynamics of a crystalline solid by applying intermediate statistics manifested by q-deformation. We based part of our study on both Einstein and Debye models, exploring primarily deformed thermal and electrical conductivities as a function of the deformed Debye specific heat. The results revealed that the q-deformation acts in two different ways but not necessarily as independent mechanisms.
I. INTRODUCTION
Studies carried out in the second half of the 20th century have found that under the presence of defects or impurities in a crystal, the electrostatic potential changes its neighborhoods breaking the translational symmetry of periodic potentials [1] [2] [3] . This disturbance can produce electronic wave functions located near the impurity failing to propagate through the crystal. The process of inserting impurities made out of known elements in a semiconductor is called doping.
In this paper, we apply the q-deformation in solids to act as defects or impurities, especially in Einstein and Debye solids [4] [5] [6] [7] . Our results show that the q-deformation parameter modifies the thermodynamic quantities such as entropy, specific heat, and other characteristics of chemical elements [8] .
Much researches on q-deformation through quantum groups and quantum algebras have been developed in several fields of physics, such as cosmology and condensed matter [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Even in the absence of a universally recognized satisfactory definition of a quantum group, all the present proposals suggest the idea of deforming a classical object which may be, for example, an algebraic group or a Lie group. In such proposals, the deformed objects lose the group property.
In the literature we also find intermediate or fractional statistics describing anyons [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , which are one of the versions of nonstandard quantum statistics [41] [42] [43] [44] as well as non-extensive statistics [45] . As we shall see, the results revealed that q-deformation acts in two different ways but not necessarily as independent mechanisms: it acts as a factor of disorder or impurity, modifying the characteristics of a crystalline structure, which are phenomena described by q-bosons, and also as a manifestation of intermediate statistics, the B-anyons (or B-type systems).
The statistical mechanics of anyons have been studied in two spatial dimensions using a natural distinction existing between boson-like and fermion-like anyons [14] . Anyons also manifest in any dimensions, including "spinon" excitations in one-dimensional antiferromagnets, as shown long ago by Haldane [46] . Fractional statistics determined by the relation defining permutation symmetry in the many-body wave function
where the statistics determining parameter α is a real number, may interpolate between bosons and fermions. The limits α = 0, 1 correspond, respectively, to bosons and fermions. From the literature, we know that the permutation symmetry is related to rotations in two spatial dimensions. In the present study, we shall focus both on the formulation of the intermediate statistics for bosons (B-anyons) and q-bosons associated with the q-deformed algebra. The thermal and electrical conductivities and other thermodynamic quantities will be investigated in both cases.
The paper is organized as follows. In Sec. II we introduce the q-deformed algebra and develop the intermediate statistics. In Sec. III we apply the intermediate statistics in the Einstein and Debye solid models in three dimensions. The Sec. IV is devoted to our final comments.
II. THE ALGEBRA OF INTERPOLATING STATISTICS
In order to investigate boson-like interpolating statistics we shall first examine the q-deformed algebra defined by
in terms of creation and annihilation operators b † and b, respectively, and quantum number N. The regime q = 1 corresponds to the Bose-Einstein limit. We also add the following relations
where the basic number [N] is defined as [48] [
On the other hand, one may transform the q-Fock space into the configuration space (Bargmann holomorphic representation) [49] as in the following:
where ∂ q x is the Jackson derivative (JD) [50] given by
Note that it becomes an ordinary derivative as q → 1. Therefore, JD naturally occurs in quantum deformed structures. It turns out to be a crucial role in q-generalization of thermodynamic relations [44] . The q-Fock space spanned by the orthonormalized eigenstates |n is constructed according
where the basic factorial is given by 
A. q-bosons
To calculate the q-deformed occupation number n i for a boson-like statistics, we start with the Hamiltonian of quantum harmonic oscillators [14] [15] [16] [28] [29] [30] ]
where µ is the chemical potential. This q-deformed Hamiltonian depends implicitly on q through the number operator defined in Eqs. (3)-(4).
Next, we consider the expectation value,
, and use the cyclic property of the trace to find
where z = exp(βµ) is the fugacity. Proceeding further, we obtain the equation for the q-deformed occupation number
Interesting enough, alternatively, as a consequence of the q-deformed algebra, we can also obtain (14) by using the JD because we can formally write the total number of q-deformed particles in the form
where D q z is a q-deformed differential operator defined as
and ln Ξ defines the undeformed grand-partition function.
B. B-anyons
Let us now get a distribution function for B-anyons (or B-type systems). For this, we will expand the Eq. (14) in the the following power series
where y = exp(η) − q, η = β(E i − µ) and q = 1 − ε, with ε ≪ 1. Taking the leading term we find n (q)
Now by simple inspection of Eq. (15), analogously, but using ordinary derivative instead of JD, we can write the logarithm of q-deformed grand-partition function Ξ q as
In the next section, we will deepen our study of solid models by introducing the results obtained in the present section to the energy spectrum in three dimensions, as we can also see in, e.g., [31, 32] .
We should warn the reader that, we shall referq-deformation to B-anyons and q-deformation to q-bosons, throughout the remainder of this paper.
III. IMPLEMENTATION OF INTERPOLATING STATISTICS A. Deformed Einstein solid
We can consider the solid in contact with a thermal reservoir at temperature T , where we have n j labeling the j-th oscillator. Given a microscopic state {n j } = {n 1 , n 2 , . . . , n N }, the energy of this state can be written as
where ω E is the Einstein characteristic frequency. Now substituting the Eq. (20) into Eq. (19), we can determine a q-deformed Helmholtz free energy per oscillator given by
where β = 1/κ B T , κ B is the Boltzmann constant and θ E is the Einstein temperature defined as
For later use, it is useful to define a q-deformed Einstein function E(α q ) as
In the following, we shall find several important thermodynamic quantities. Firstly, by using the result of Eq. (21) we can determine the specific entropy
and the q-deformed specific heat can be now determined and given by
The specific heat of the Einstein solid as a function of E(α q ), defined in Eq. (22), can be given as
the former case, one should note that when T ≫ θ E , with θ E , e.g., around 100K for common crystals, one recovers the classical result c V q → 3κ B when q = 1, known as the Dulong-Petit law. On the other hand, for sufficiently low temperatures, where T ≪ θ E , the specific heat goes exponentially with temperature [51] as
However, as well-known, at sufficiently low temperatures, the specific heat of the solids does not follow experimentally the exponential function given in Eq. (26) . Thus, the undeformed Einstein model recovers the usual specific heat of the solids only at high temperatures.
As for the q-deformed case, Fig. 2 , as the temperature is increased, we notice that the green and blue curves (greater presence of theq-deformation) present a very different behavior from the red curve (where q = 1). Thus, let us now explore this new picture for B-anyons. The point is that at large temperatures the specific heat becomes
In the last step we have rewritten the equation in terms of the definition ofq = 1 − ε and ε ≪ 1 given in subsection (II B). Notice that the specific heat always goes to zero as T ≫ θ E forq < 1.
This is precisely a consequence of the harmonic oscillator spectrum in Eq. (20) submitted to the Banyons statistics in Eq. (19) . Alternatively, one could also consider the undeformed Bose-Einstein statistics to the spectrum (20) withq n degenerescence for each n-th state. Such degenerescence could be associated with interactions among oscillators in contrast with the original Einstein consideration of 3N independent harmonic oscillators describing the solid. Thus, the present intermediate statistics could capture realistic interactions even though one previously assumes independent oscillators. Another possibility could be the existence of extra degrees of freedom with same energy quantum number that could be probed by the B-anyons statistics. Finally, the most revealing fact is that the specific heat behaves as the specific heat of a two level system with a maximum at T ∼ θ E , that is the well-known Schottky effect, and since it was previously assumed an infinite number of states, such an apparent discrepancy clearly can be seen as an effect of a changing of states counting that may be well understood in terms of the intermediate statistics.
This 'apparent mismatch' of number of states can be indeed related to impurities. For instance, it has been reported long ago [52] that some different samples of the YBaCuO high-T c superconductor presented Schottky effect in the specific heat due to the presence of heavy rare-earth-ion impurities. 
B. Deformed Debye solid
Corrections of the Einstein model are given by the Debye model allowing us to integrate out a continuous spectrum of frequencies up to the Debye frequency ω D , giving the total number of normal vibrational modes [51, [53] [54] [55] [56] 
where g(ω)dω denotes the number of normal vibrational modes whose frequency is in the range (ω, ω+dω). The energy expected value of the Planck oscillator with frequency ω s for the B-anyons statistics is
To obtain the number of photons between ω and ω + dω, one makes use of the volume in a region on the phase space [51] , which results
We now apply the q-deformation in the same way as in Eq. (25), that means
where D(α 0q ) is theq-deformed Debye function that we are going to find shortly. Firstly let us define the function
with ω D and θ D being the Debye characteristic frequency and temperature, respectively. To perform the integration, it is convenient to make the following change of variable
Consequently, with this change we obtain as a result of the integration
ln (q)
where a 0q = exp(α 0q − ln(q)) and
is the polylogarithm function.
Two important limits are discussed in order. For α 0q ≪ 1, the function D(α 0q ) can be expressed in terms of the parameter of the intermediate statistics
such that at high temperature, T ≫ θ D , the corresponding specific heat is
Here we can see that the specific heat of the solid behaves asymptotically larger than 3κ B as q < 1, which means it is effectively going beyond the Dulong-Petit limit at high temperature, a phenomenon that may be related to anharmonicity of interatomic interactions [47] and looks to be probed through B-anyons statistics.
On the other hand, for α 0q ≫ 1, we can write theq-deformed Debye function (34) as
Thus, as in the usual Debye solid, at low temperature, T ≪ θ D , the specific heat in aq-deformed
Debye solid is proportional to T 3 , due to phonon excitation, a fact that is in agreement with experiments. In addition, we express theq-deformed specific heat at low temperatures as follows
In the following we shall explore theq-deformed (and q-deformed) thermal and electrical conductivities which are related with their corresponding undeformed form given by [4] κ q = κ c Vq c V and
In the Tab. I we present the specific heat, thermal and electrical conductivity for some chemical , electrical conductivity c (ohm · cm), for T = 300K and deformed values for q = 0.5 and q = 0.1 [56] .
elements, after application of the deformation. We have the undeformed case (q = 1 for q-bosons orq = 1 for B-anyons), a strong deformation case (q = 0.1) and an intermediate case (q = 0.5).
For illustration purposes, we choose iron (Fe) and chromium (Cr), which are two materials that can be employed in many scientific areas of interest.
We can observe the behavior of the specific heat of the iron (Fe) (green curve in Fig. 3 ), as a function of the deformation parameter, starting from the case without deformation (F e Bulk , i.e., when q = 1). As the parameter q is acting we notice that this curve reaches the specific heat of other elements, such as the osmium (Os) when q ≈ 0.9 and the Cr Bulk at q ≈ 0.58. For the sake of comparison, in Fig. 4 , is shown the behavior for q-bosons, which asymptotically is completely different from the B-anyons case. Whereas in the former case the curves tend to overlap for large q (small deformation), in the latter case the curves tend to overlap for smallq (large deformation). As expected, since they depend linearly with the specific heat, the deformed thermal and electrical conductivities, follows similar behavior, as shown in Figs. 5 and 6, i.e., the curves degenerate at opposite deformation limits depending on the case involved: q-bosons or B-anyons. We also emphasize the overlap clearly shown in Fig. 5 of the deformed electrical conductivity curves (right) that starts at q ≈ 0.62. On the other hand, we plot in the Figs. 7 and 8 the behavior of the thermal conductivity of deformed chromium (as in enriched or doped samples [56] ) as a function of temperature. It is possible to verify that as the temperature increases the behavior of the curves becomes similar, but they overlap more slowly for B-anyons, Fig. 7 , than for q-bosons, Fig. 8 , as expected according to our previous discussions. 
IV. CONCLUSIONS
The results allow us several important observations. One of them is the fact that in the qdeformation there is a region of larger values of the q parameter (less deformed regime) in which different curves of thermal (or electrical) conductivities coincide, that is, the curves degenerate This leads to completely different behaviors. Alternatively, since in the q-bosons the statistics are in principle maintained, the effect of the deformation acts more slowly due to a small change in the crystal lattice. On the other hand, B-anyons belong to modified statistics and are more sensitive to the deformation. Of course, the case of study will decide for one or another deformation type, according to several corresponding situations that we have previously presented. For instance, in the B-anyons case, smaller values ofq, i.e., large deformations, implies a larger asymptotic value of the specific heat as stated in Eq. (37), which involves physics beyond the Dulong-Petit limit, a phenomenon that may be related to anharmonicity of interatomic interactions [47] and looks to be probed through B-anyons statistics. One should further discuss other points around these issues elsewhere.
Our results show that the scenarios with q (or q)-deformation develop an interesting mechanism that can be associated with factors that modify certain characteristics of the chemical elements.
These situations may be related to doping or enrichment of the material in which are inserted certain impurities. Finally, the present study could provide us with a nice theoretical investigation, where many thermodynamic quantities of the material would be calculated and analyzed before application of any experimental techniques.
